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Abstract. Hom-connections and associated integral forms have been introduced and studied 
by T.Brzezinski as an adjoint version of the usual notion of a connection in non-commutative 
geometry. Given a flat hom-connection on a differential calculus (Q, d) over an algebra A yields 
the integral complex which for various algebras has been shown to be isomorphic to the de 
' Rham complex. In this paper we shed further light on the question when the integral and the 

' dc Rham complex are isomorphic for an algebra A with a flat hom-connection. We specialise our 

, study to the case where an n-dimensional differential calculus can be constructed on a quantum 

exterior algebra over an A-bimodule. Criteria are given for free bimodules with diagonal or 
upper triangular bimodule structure. Our results are illustrated for a differential calculus on a 
multivariate quantum polynomial algebra and for a differential calculus on Manin's quantum 
n-space. 
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^ ' 1. Introduction 

» \ 

, Let A be an algebra over a field K. A derivation d : A — > 51^ of a X-algebra A into an A- 

bimodule is a i^-linear map satisfying the Leibniz rule d{ab) = ad{b) + d{a)b for all a, 6 G A. The 
pair (D},d) is called & first order differential calculus (FODC) on A. More generally a differential 
' graded algebra 51 — ®„>o is an N-graded algebra with a linear mapping d : Q, Q, oi degree 

. 1 that satisfies = and the graded Leibinz rule. This means that d{Vl'^) C 51"+^, = and 

for all homogeneous elements a, 6 G 51 the graded Leibniz rule: 

(N) ; (1.1) d(a6) = d(a)6 + (-l)'"lad(&) 

' holds, where \a\ denotes the degree of a, i.e. a e il|a| (see for example [5]). We shall call (il,ci) an 

(N . n-dimensional differential calculus on A if Jl™ — for all m > n. The zero component yl = 0° is 

a subring of Jl and hence Jl" are A-bimodule for all n > 0. In particular d : A ^ Jl^ is a bimodule 
derivation and (51^, d) is a FODC over A. The elements of 51" are then called n- forms and the 
product of 11 is denoted by A. Given an FODC (12^, d) over A and a left A-module M, a map 
V : M -i' (g)A M satisfying 
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^ (1.2) \/{am) = aV{m) + d{a) ®Am WaeA,meM 

^ _' is called a connection in AI. In 4 T.Brzezinski introduced an adjoint version of a connection by 

introducing what he had called hom-connection on an rig ht A- module M: V : HomA(52\ M) M 
satisiying 

(1.3) V{fa) = V{f)a + f{d{a)) Va G A, / e Hom^(f2i, M) 

where fa G Hom^(51-'^, M) is defined as fa{uj) — f{auj), for all u G 51^. In case the FODC {Q,^,d) 
stems from a differential calculus (51, d), then a hom-connection V = Vq on M can be extended 
to maps V,„ : HomA(rj™+\ Af) — > HomA(51",M) with 

(1.4) V„(/)(«)-V(/«) + (-l)"+VW, V/GHom^(ll™+i,M),t;Gll™. 

If VqVi = 0, the hom-connection Vq is called flat. In this paper we will be mostly interested in 
the case M = A. Set ft*^ HomA(r2™,A) as well as 51* = 0,„ ^2;, and define V : 51* ^ 51* by 
V(/) = Vmif) for all / G 5i;,+i. 
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If Vq is flat, then (17*, V) builds up the integral complex: 



It had been shown in [SJ [7] that for some finite dimensional differential calculi the integral complex 
is isomorphic to the de Rham complex given by d): 

A d t-^ d ^ d d 
A > Vti > \l2 > "3 > ■ ■ ■ 

i.e. for certain algebras A and n-dimensional differential calculi — ®^^g f^*" it had been proven 
that there exists an isomorphism of complexes of right A-modules, that is, the diagram 

m ■ ■ ■ A 



So 



Si 



■I 



e„-i e 



A — ^ — ^ ••■ — ^ — ^ 

is commutative. Following T.Brzezihski [5 , we say that A satisfies the strong Poincare duality 
with respect to (i^,d) and V, if such an isomorphism between these two complexes exists. In this 
case there exist isomorphisms 

(1.5) e„: n"'^n:, 

for any < m < n and which yields in particular an isomorphism of right A-modules: 

(1.6) e : ~ HomA(r2,A). 

The purpose of this paper is to provide further examples of algebras whose corresponding de Rham 
and integral complexes are isomorphic with respect to some differential calculi which contributes 
to the general study of algebras with this property. The reader should be warned that the Poincare 
duality in the sense of M.Van den Bergh [13] (see also the work of U.Krahmer [ID]) is different. 

2. Twisted multi-derivations and hom-connections 

From Woronowicz' paper |14j it follows that any covariant differential calculi on a quantum 
group is determined by a certain family of maps which had been termed twisted multi-derivations 
inlZj. 

We recall from [7] that by a right twisted multi- derivation in an algebra A we mean a pair [d, a), 
where a : A Mn{A) is an algebra homomorphism (M„(A) is the algebra of n x n matrices with 
entries from A) and d : A A" is a fc-linear map such that, for all a G A, b € B, 

(2.7) d{ab)=^d{a)a{b)+ad{b). 

Here A" is understood as an (A-Af„(A))-bimodule. We write cr{a) = (ct^ (a))"^-^;^ and d{a) = 
((9i(a))"^]^ for an element a G A. Then ()2.7|) is equivalent to the following n equations 

(2.8) ^,{ab)=^^j{a)aJ^{b) + a^^{b), i = l,2,...,n. 

3 

Given a right twisted multi-derivation (9, a) on A we construct a FODC on the free left A-module 

n 

(2.9) n^=A" = ^Auj, 

i=l 

with basis wi, . . . ,cj„ which becomes an A-bimodule by ujia = X]j=i foi' all 1 < i < n. 

The map 

n 

(2.10) d:A-^r2\ a^^d,{a)uj, 

1=1 

is a derivation and makes (r2^,(i) a first order differential calculus on A. 

A map cr : A — >■ M„(A) can be equivalently understood as an element of Af„(Endfe(A)). Write 
• for the product in M„(Endfc(A)), I for the unit in M„(Endfc(A)) and a'^ for the transpose of a. 
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Definition 2.1. Let (d, a) be a right twisted multi-derivation. We say that {d, a) is free, provided 
there exist algebra maps (t : A — > M„(A) and a : A —i' Mn{A) such that 

(2.11) CT«cr^==I, a'^»a = l, 

(2.12) CT«o-^=I, ct'^«(7 = I. 

Theorem [71 Theorem 3.4] showed that for any free right twisted multi-derivation {d, a; ct, a) on 
A, and associated first order differential calculus (Q,^,d) with generators uji, the map 

(2.13) V ■.llomA{n\A)^A, / ^ (/ (l^,)) • 

i 

is a hom-conection, where df := J^j k ^kj ° dj o aki, for each i = 1, 2, . . . ,n. Moreover V had 
been shown to be unique with respect to the property that V(^,;) = 0, for all i = 1, 2, . . . , n, where 

: A are right A-linear maps defined by = Sij, i,j = 1,2, ... ,n. 

We shall be mostly interested in right twisted multi-derivation (d, a) that are upper triangular, 
for which dij = for all i > j holds. It had been shown in [71 Proposition 3.3] that an upper 
triangular right twisted multi-derivation is free if and only if an, ... , a„n are automorphisms of 
A. 

3. Differential calculi on quantum exterior algebras 

Let ^ be a unital associative algebra over a field K. Given an A-bimodule M which is free as 
left and right A-module with basis {uJi, . . . ,a;„} one defines the tensor algebra of M over A as 

oo 

(3.14) Ta{M) ^ A®M ®{M ®M)® © • ■ • = 

n=0 

which is a graded algebra whose product is the concatenation of tensors and whose zero component 
is A. Following 3, 1.2.1] we call an n x rt-matrix Q — (qij) over K a muUiplicatively antisymmetric 
matrix if qijQji = qu — I for all The quantum exterior algebra of M over A with respect to a 
multiplicatively antisymmetric matrix Q is defined as 

f\^{M) := TA{M)/{oJi ®ujj + qijojj ®UJi,UJi (S)uji \ i,j = 1, . . . ,n). 

This construction for a vector space M — V and a field A = K appears in [TTl [12] . The product 
of /\'^{M) is written as A. The quantum exterior algebra is a free left and right A-module of rank 
2" with basis 

{1} U {cjij A cjij • • • A cJi^, I zi < ^2 < • • • < «fc, 1 < ^ < n}. 
Write sup(a;ii Aui^ ■ ■ ■ A uji^) = {ii, 12 ■ • • , for any basis element. Given a bimodule derivation 
d : A ^ M, we will examine when d can be extended to an exterior derivation of /\^{M), i.e. to a 
graded map d : /\^ {M) — s> /\^{M) of degree 1 such that d"^ — Q and such that the graded Leibniz 
rule is satisfied. 

Let us first examine the bimodule structure of Af : A bimodule structure on a free left A-module 
M with basis {wi, . . . ,ujn\ is given by an algebra map cr : A — >■ Mn{A) such that 

n 

(3.15) uJiQ — '^^aij{a)u>j "ia € A,i = \, . . . ,n. 

We will also assume that wi, . . . ,cli„ is a basis of M as a right A-module, which is equivalent to 
assume the existence of a map a : A M„ (A) such that 

(3.16) CT«Cr^=I, cr^«CT = I. 

n 

(3.17) auJi = ''^^u!jaji{a) Va € A,i = 1, . . . ,n. 
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A bimodule derivation d : A AI is given by maps 9i, . . . ,9„ : A — > A such that d{a) — 
Sr=i 9i{a)uJi for all a ^ A. To be compatible with the bimodule structure the equation d{ab) — 
d{a)b + ad{b) translates into the n equations: 

(3.18) a,(a6) =^aj(a)crj-,(6) + aa,;(6), i = l,2, ...,n. 

i 

Let d{a) — {di{a))2^-^ for any a e A. Then the pair (d, a) had been termed a right twisted multi- 
derivation in [7]. The associated A-bimodule and derivation are denoted by {ft^,d) and called a 
first order differential calculus on A. 

Proposition 3.1. Let {d,a) be a right twisted multi- derivation of rank n on a K -algebra A with 
associated FODC {n^,d). Let Q be an n x n multiplicatively antisymmetric matrix over k. Then 
d : A ^ can be extended to make Q — an n-dimensional differential calculus on A 

with d{uji) — for all i — 1, . . . , n if and only if 

(3.19) didj = qjidjdi, and d,akj - qjidjau = qji(Tkjdi - akidj Vi < j, Vfc. 

Proof. Suppose d extends to make fl a differential calculus on A with (i(aji) = 0. Then for all 
a G A and k — 1, . . . ,n the following equations hold: 

n n 

(3.20) d{ujka) — d{ujk)a — u>k ^ d{a) = — cj^ A d,j{a)ujj = —aki{dj{a))uji A ujj 



(n \ n n n 

^^CFkj{a)ujj = ^ 9.,(crfcj(a))wi AWj +^crfcj(a)d(a;j) = ^ di{akj{a))LO^ ^LOJ 

Hence, as w^a — '^kj{o)'^j and ujj A Wi = —qjiUJi A LUj for i < j, we have 

(3.22) - akidj + qjiakjdi = diakj - qjidjaki Vi < j 
Furthermore d^ = implies for all a £ A: 

(3.23) = d^{a) = ^ didj{a)uji A uij ~ ^(5^(9^ — qjidjdi){a)uji A cjj, 

i,j=l i<j 

which shows didj — qjidjdi, for i < j. 

On the other hand if p. 191) holds, then set for any homogeneous element auj G il™ with a e A 
and (jj = A uij^ A • • • A ujj^, with ji < j2 < • • • < jm, a basis element of i7''": 

n 

(3.24) (i(aaj) := d(a) Auj = ^ di{a)ui A ojji A ojja A • • • A 

1=1 

We will show that d : 17 ^ f2 in that way, will satisfy = and the graded Leibniz rule. For any 
au G fi™ as above: 

n n 

(3.25) d^{auj) = ^ didj{a)oji Acuj Auj — ^'^{didj — qjidjdi){a)uJi Aujj Auj — 

i,j=l i<j 

Since p.lSp implies that di{l) = 9j(l)crji(l) + <9i(l) = 29^(1), as crji(l) = if i ^ j, we have 
di{l) = and henced{uji) = d{l) Auji ^ for all i. 
We prove the graded Leibniz rule 

(3.26) d{auj A bv) = d{auj) Abv + (-l)'"aa; A d{bv) 

inductively on the grade of w, where uj — ujj-^ A ■ ■ ■ A and v ~ A • ■ • A uJi^, are basis elements 
of fl and a,b ^ A. For a m = 0, ie. aw = a, equation (13.261) follows from the definition and 
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d{i') = 0. Let m > and suppose that p.26p has been proven for aU basis elements u! of grade 
\uj\ < m — 1. Let a; be a basis element with \uj\ — m and write u — co' A Wfc- 

d{au! A bv) ~ d{auj' A cok A biy) 

n 

= d {aoj' A CTfej {b)ujj A v) 

n n 

= ^ d{auj') A (Tfcj A + (-1)™""^ ^ aw' A d ((Tfej- {b)ujj A z^) 

n 

= ci(aw') A Wfe A + (-l)'"""^acj' A ^ di{akj{b))uji A Wj A 

= d{auj) Abv - (-l)'"aa;' A ^ [(9^(CTfcj(6)) - qjidj{aki{b))] uj., Auj Av 

= d{au}) Abv+ (-l)™aa;' A ^ [CTfc,,(aj(fe)) - qj^akJ{^^{b))] lj, Aloj Av 

n 

= d{auj) Abiy + (-l)™aa;' A ^ aki{dj(b))uji Aujj Av 

n 

= d(aw) A 6i/ + (-l)™aa;' A Wfc A ^ dj{b)ujj A v 
= d(aw) A6j/+ (-l)'"aa;Ad(5z^) 

which shows the graded Leibniz rule, where the induction hypothesis has been used in the third 
line and where p.l9p has been used in the sixth line . □ 

Suppose that (9, cr) is a free right twisted multi-derivation satisfying the equations (I3.19P and 
that is the associated n-dimensional differential calculus over A for some n x n matrix 

Q. Then, as mentioned above, V : HomA(f^\A) ^ A with V(/) = T,7=i ^Uf i^i)) for all / e 
Hom^(r2^, A) is hom-connection. For each 1 < m < n one defines also V„i : Hom^(f2™+^, A) — > 
HomA(rj™, A) with 

(3.27) V„(/)(u) = V(/u) + {-ir+^f{d{u)), V/ e Hom^(l]™+\ G 17", 

where fu G Homyi(ri^, A) is defined by fu{v) = f{u A v) for all v ^Vi^ . As every element u G fi™ 
can be uniquely written as a right A-linear combination of basis elements uj — loi^ A ■ ■ ■ A 
and since \7m{f) is right A-linear and furthermore by Proposition 13.11 diu) = is satisfied, we 
conclude that for u = Lua: 

(3.28) V„(/)(L.a) = V„(/)(c^)a = V{Ma + (-1)"+V(d(c^))a - V{Ma 

holds. If df{l) = for all i, the hom-connection is flat, because for any dual basis element 
/ = (3s^t G Hom^(0^, A) with s <t, i.e. /3s,t(wi Aujj) — SsA^tj one has 

n n n n 

v(Vi(/)) = (Vi(/)(c.O) = ^af (v(M)) ^ ^^9n57(/(^. ao.,))) = d^id^ii)) = o. 

z— 1 1 i—1 j — 1 

Set il* = Hom^(r2, A) — ®^^g Hom^(r2™, A) and note that V induces a map of degree —1 on 
il* . We want to establish an isomorphism between the de Rham complex given hy d : il ft and 
the integral complex given by V : $7* — > £7*. More precisely we are looking for a bijective chain 
map & : (17, d) (17*, V) such that the following diagram commutes: 
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HomA(f^",A) > HomA(17"-\A) ^ ■•■ > HomA(f^\A) > A 

V„_i V„_2 Vi V 

One attempt is to define the maps Q„i via the dual basis element of 51". Define 

U = wi A • • ■ A Cl;„ e il" 

for the base element of ft". Let (3 e £7"* be the dual basis of ft" as a right A-module, i.e. 
/3(u}a) = a for all a £ A. For any < m < n define 8™ : 17™ — > HomA(ri"~™, A) through 
0m(w) = (-l)™(""^^;5t; for all v e fi". Note that e„ = /3. Moreover the maps 6^ are right 
yl-linear taking into account the right A-module structure of Hom^(r2"~'", A), namely for a G 
A,v en"" and w e rj"-": 

e™(m)(u;) - A w) ^ A aw) = e„(z;)(a«;) = {e,n{v)a){w). 

Hence 9„i(wa) = 6„i(w)a. 

For a certain class of twisted multi-derivations, extended to a quantum exterior algebra, we will 
show that the maps 0^ are always isomorphisms. We say that a twisted multi-derivation (d, a) 
on an algebra A is upper triangular if (Ty = for all i > j. By [71 Proposition 3.3] any upper 
triangular twisted multi-derivation is free if and only if an are automorphisms of A for all i. The 
corresponding maps a and a are defined inductively by an = a^^ for all i, aij — — X]fe=j '^u^'^kiO'kj 
for all i > j and aij = for i < j. The map is defined analogously using a. 

Theorem 3.2. Let (9, a) be a free upper triangular twisted multi- derivation on A with associated 
FODC (f2^,(i). Suppose that d : A ^ can he extended to an n- dimensional differential calculus 
(f2,(i) where f2 = is the quantum exterior algebra of for some matrix Q. Then the 

following hold: 

(1) uJa — det{a){a) ZJ, for all a £ A, where det{a) — an o • • • o (t„„. 

(2) The maps 6™ : 17" ^ HomA(f7"-", A) given by e,n{v) for all v £ ft"' 
are isomorphisms of right A-modules. 

(3) Moreover if 

(3.29) ^ i^q-^ Aci{ay^didei{a) Vi = l,...,n 

holds, then O — {Qm)m=o chain map, that is, A satisfies the strong Poincare duality 
with respect to {^,d) in the sense of T.Brzezinski. 

Proof. (1) By the definition of the bimodule structure of {Vi^) and by the fact that a is lower 
triangular we have 

auj = • • • ujj-^ A • • • A ujj^anj^ o ■ ■ ■ o aij-^ (a). 

jn>n ji>l 

By the definition of the quantum exterior algebra the non-zero terms iOj-^ A • • • A iOj^^ must have 
distinct indices, i.e. jk ji for all k ^ I. In particular jn — n and hence inductively we can 
conclude that ji — i for all i. This shows that aUJ — ZJ det{a) ^(a). 

(2) For every basis element of = A • • • AuJi^_^ of r2"~™, there exists a unique complement 
basis element w' = ujj_^ A • • • A of JI"* such that w' A w ^ 0. Let C^j be the non-zero scalar such 
that uj' Auj = C^jZU Let / G HomA(f^"'~'", A) be any non-zero element and set 

a^ = (-l)™('-i)Cjidet(a)(/H) 

for any basis element uj G Set v — O'uj'^' ■ Then 

Qra{v){uj) - (-l)™("-i)/3(a^c.' Ac^) = (-l)"("-i)/3(a^aaJ) = det(a)-i( det(a)(/(w)) = /(w). 
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Hence = /, which shows that Q„i is surjective. To prove injectivity, assume that v = 

^ a^jOj' e r2™ is an element such that Qrn{v) is the zero function. Then for any basis element 
u! G il"^™, one has 

e„,{v){iu) = (-l)'"("-i)/3(a^w' Aiu)^ det(a)~^(a„) = 

which implies to be zero. Thus v = and Qm is an isomorphism. 

(3) We will show that {Om)m is a chain map, i.e. that Qm+i ° d = V„_„i-i ° ©m- Let 
u! = LOj^ A • ■ • A LOj^^ be a basis element of fi™ and let a G ^. For any basis element v — 
Wfei A • • • A Wfc„_„_i e 17""™"^ we have 

n 

On the other hand 

n 

V„-™„i(e™(ac.))(z.) = V(/3(aa; A i^) = ^ a,(/3(ac^ A A l.,)), 

1=1 

as d{v) = 0. Note that &m+i{d{aw)){v) = and V„_m_i(6m(aaj))(z^) = if sup(a;) nsup(z^) 7^ 0. 
Hence suppose that ui and v have disjoint support. Then there exists a unique index i that does 
not belong to sup(w) U sup(i^). Let C be the constant such that 

uj A ly A uJi = CZJ. 

Recall also that by the definition of the quantum exterior algebra we have: 

uJiAuj Aiy= rQ -qij \ uj Au Auji = (-1)""^C Y[ I^J 

Note that hypothesis p.29p is moreover equivalent to 

(3.30) 9f o det(cr)"^ l^ri'^yj det(CT)"^oa, 

These equations yield now the following: 

e„,+iid{auj)){i^) = (-l)('"+i)("-i)/3(9,(a)c<.,Ac<.Ai.) 



n*.- det(a)-\a.(a)) 



= (-l)"("-i)C5f (det(a)"'(a)^ 
= ((-l)™("-i)C/3(aaJ)) 

= ((-l)"("-i)/3(ac^ Ai/Ac^,)) = Wn-m-i {e,n{auj){j^)) 



Thus Qm+i o d = V„_„i_i o Om- Hence is a chain map between the de Rham and the integral 
complexes of right A-modules. 

□ 

Remark 3.3. Let (d, a) be an upper-triangular twisted multi-derivation of rank n on A and let Q 
be an n X n matrix with qijqji = qu = 1. The conditions to extend the multi-derivations to the 
quantum exterior algebra = /\'^ (V,^) such that the complex of integral forms on A and the de 
Rham complex are isomorphic with respect to (ri,d) are: 
(1) an is an automorphism of A for all i; 
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(2) didj = qjidjdi for all i < j; 

(3) diakj - qji(Tkjdi = q-jidjau - (Tkidj for all i < j and all k; 

(4) = (n,, q^^ det(f7)~'a, det{a) for all i. 



4. Differential calculi from skew derivations 

The simplest bimodule structure on fl^ — A" is a diagonal one, i.e. if aij = Sijai for all i,j 
where di, . . . , cr„ are endomorphisms of A. Moreover if a is diagonal and {d, a) is a right twisted 
multi-derivation on A, then the maps di are right (Ji-derivations, i.e. for all a,b G A and i: 

(4.31) 9,(afe) = a,(a)fT,(6)+aa,(6). 

Conversely, given any right ai-derivations di on A, for z = 1, . . . , n one can form a corresponding 
diagonal twisted multi-derivation (5, a) on ^. Such diagonal twisted multi-derivation (d, a) is 
free if and only if the maps cti, . . . ,(T„ are automorphisms. The associated ^-bimodule structure 
on = A" with left A-basis wi, . . . ,a;„ is given by Uia = cri{a)uji for all i and a ^ A. From 
Proposition 13.11 we obtain the following corollary for diagonal bimodule structures. 

Corollary 4.1. Let A be an algebra over a field K, Ui automorphisms and di right Ui-skew 
derivations on A, for i — 1, . . . , n and let {ft^ , d) be the associated first order differential calculus 
on A. 

(1) The derivation d : A fl^ extends to an n-dimensional differential calculus d) where 

= /\'^(r2^) is the quantum exterior algebra with respect to some Q such that d{uii) = 
for all i — 1, . . . ,n if and only if 

(4.32) diffj = qjiGjdi and didj — qjidjdi \fi < j 

(2) If di(Tj = qji<7jdi for all i,j and didj — qjidjdi for all i < j, then the de Rham and the 
integral complexes on A are isomorphic relative to (fl,d). 

Proof. (1) Since aki = for all fc 7^ i, equation ()3.19|) reduces to equation ()4.32|) . 

(2) Note that d[ — a~^dicri — di. On the other hand by hypothesis didet{a) = (jjj qji^ det(cr)ai. 
Hence 

n<7y ) dei{a)-^d, det(a) = 9, = 9° 

Thus by Theorem 13. 2[ A satisfies the strong Poincare duality with respect to (ri,rf) in the sense 
of T.Brzezihski. □ 

5. Multivariate quantum polynomials 

Let i^T be a field, n > 1, and Q = (qij) a n x n multiplicatively antisymmetric matrix over K. 
The multivariate quantum polynomial algebra with respect to Q is defined as: 

A = Oq{K''-) := K{xi, . . .,Xn)/{xiXj - qijXjX^ \ 1 < i,j < n). 

This means that Xi and Xj commute up to the scalar in A. Moreover every element is a linear 
combination of ordered monomials = x^^ ■■■2;"" with a = (Q;i,...,a„) G N". The set of 
n-tuples N" is a submonoid of Z" by componentwise addition. For any a G Z we set = if 
there exists i = 1, . . . ,n such that ai < 0. Furthermore N" is partially ordered as follows: a < (5 
if and only if < = 1, ■ • • , n for a, /3 G N". If a < /3, then /3 - a G N" and x'^"" ^ 0. 
For two generic monomials a;" and x^ with a, /3 G N" one has 




(5.33) x'^x^ = g"""^ x'^+t' = ^Ji{a,P)x 



where ^(a, /3) — ni<j<i<n ■ The algebra A has been well-studied by Artamonov T, Y as well 
by Goodearl and Brown [3] and others. The Manin's quantum n-space is obtained in case there 
exists q G K with = q for all i < j. In particular for n = 2 one obtains the quantum plane. 
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We define automorphisms (7i,...,cr„ and right CTi-derivations of A as follows: For a generic 
monomial with a G N" one sets 

(5.34) CT,(x") := A,(a)x" and d,{x°') :^ aA{a)x°'-'^ 

where Xi{a) = Y[j=i 1i/ ^ ^ii<^) = Y[i<j Qij and e N" such that = % . Let (5i(a) = ni>j C 
and note that Ai(a) = Si{a)Si{a). Since /i(a,/3) = — e*, /3)(5i(/3) if ^ and fi{a, /S) — 
fj,{a,l3 — €^)5i{a)^^ if /3i ^ 0, we have: 

= (a, + /3,V(a,/3)5,(a + /3)a;"+'5-^' 

= a,n{a - e', /3)^(/3),5,(a)(5,(/?)a;"-'"+'' + P ~ e')6,{a)-'6,{a)6,{P)x''+^-'' 

= a,5,(a)a;"~^'A,(/3)x^ + x"l3MP)x^~'' 
= a,(x")a,(a;'5)+a;"a,(x'^) 

Let « < j and a G N". Then 6j{a — e*) = while Si{a — e-') = Si{a)qji. Hence 

(5.35) 

dj{di{x")) = aia.i5i{a)dj{a - e')x""^'"'^' = aiajqijdi{a ~ e^)dj{a)x°'~''''''' = qtjdt{dj{x")) 

Thus djdi ~ qij did j for all i < j. 

Let i < j and a G N". Then 
(5.36) 

(Ti{dj{x°')) = aj5j{a)\i{a - e^)x""'' = aj5j{a)\i{a)qjiX°'~''' = qjiX^{a)dj{x°') = qjidj{cj^{x°')). 
Hence aidj = qjidjCTi for all i < j. By Corollary 14. II we can conclude: 

Corollary 5.1. Let A = Oq{K'^) he the multivariate quantum polynomial algebra and let i7 — 
/\'^(f2^) he the associated quantum exterior algehra. Then the derivation d : A il^ with d(x°') = 
Sr=i 9i{x'^)u!i makes fl into a differential calculus such that the de Rham complex and the integral 
complex are isomorphic. 

6. Manin's quantum TI-SPACE 

In this section we will show that for a special case of the multivariate quantum polynomial 
algebra there exists a differential calculus whose bimodule structure is not diagonal, but upper 
triangular and nevertheless the de Rham complex and the integral complex are isomorphic. 

Let q K \ {0}. For the matrix Q = (qij) with qij = q and qji = q~^ for all i < j and qa = 1, 
the algebra Oq{K") is called the coordinate ring of quantum n-space or Manin's quantum n-space 
and will be denoted by A = Kq[xi, . . . , We have the following defining relations of the algebra 
A 

(6.37) XiXj = qXjXi, i < j. 

Note that for a G N" and 1 < i < n we have: 

Xt{a)x°'xi = x°'~^'^ = Xi{a)xtX°', 



where 



More generally 



A«(a) = n ^^^^ ^*(") = n ■ 



= H \,{af^ x"x^ = n Q"'^'^"^^ 

\j=l / l<s<]<n 

Let ii{a, (i) be the scalar such that x^x^ = ii{a, (3)x"^^ . 

We take the following two-parameter first order differential calculus ft^ (see p. 468] for the 
case p = q^ and Example 3.9] for the case n = 2), which is freely generated by {wi, . . . a;„} over 
A subject to the relations 

(6.38) uJiXj = qXjUJi + {p ~ l)xiU}j, i < j, 
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(6.40) ujjXi — pq ^XiUjj, i < j, 

There exists an algebra map a : A ^ Mn {A) whose associated matrix of endomorphisms a = {aij ) 
is upper triangular and such that uJiX" = X]i<j" The next lemma will characterize the 

algebra map a. For any a G N" and i = 1, . . . , n set Tri{a) = Ylg^^ p"" ■ 

Lemma 6.1. For a £ N" the entries of the matrix a{x°') are as follows (Jij{x°') — for i > j and 



aij{x°') = r]ij{a)x"~^'^ where Vijioi) 



TTj{a)Xi{a)Xj{a){p"^ - 1) for i < j, 
TTi{a)Xi{a)Xi{a)p"-' for i^j 



Proof. Fix a number i between 1 and n. We prove the relations for aij by induction on the length 
of a, which by length we mean \a\ = ai + • • • + a„. For |a| ~ the relation is clear, because 
aj = for all j, i.e. x" — 1. Hence ojix" = uji, i.e. aij^x") — Sij. Since p"^ — 1 = for all j and 
p"' = 1 the relation holds. 

Now suppose that m > and that the relations (16.11) hold for all a e N" of length m. Let 
/3 G N" be an element of length m + 1 and let k be the largest index j such that Pj ^ 0. Set 
a — 13 — e'^, i.e. (3 — a + . We have to discuss the three cases k < i, k = i and k > i. 

li k < i, then for all i < j, aj = 0, i.e. a-ij{x°') = 0. Hence 

UJix'^ = uJiX^Xk = aii{x")u}iXk = pq^^ati{x°')xkUJt = pTTi{a)q^^ Xi{a)x°' Xkun = TTi{/3)Xi{f3)x^ixJi, 

since Xi{a) = p"* — 1, Tri{a + e*^) = p7Ti{a) and Xi{a + e'^) — q^^Xi{a) for any k < i and a £ N". 
Thus auixf^) = ^,(/3)A,(/3)A,(/3)/-x'5. 

If k = i, then again aij{x°') = for all j > i. Moreover Xj{a) — 1 for all j > i. Thus 

uJiX^ = aii{x°')uJiXi = (Jii{x")pXiUJi = 7rj(a)Aj(a)p"'+^a:"xiWi = TTi{(3)Xi{P)p'^' x^ uJi, 

since as = /Sg for all s < i, i.e. 7ri(/?) = 7ri(a) and Ai(/3) = Ai(a). 

If i < fc, then note that aij{x°') = for all k < j, because p"^ — 1. Thus 



LJiX^ 



= crii(x")wia;fc + ^ (Jij{x")ujjXk + aik{x°')uJkXk 



i<]<k 



= CTii(x")[ga;fci:ji + (p - l)a;iWfc] + ^ a-ij(x")[(7a;fccjj + (p - l)a;jWfc] + crii;(a;")pxfci:jfc 



i<j<k 



qau{x°')xkUJi+ ^ qaij{x°')xkUij 

i<j<k 



{p - l)aii{x°')xi + ^ (p - l)fTij(a;")a;j +pCTifc(a;")a;fe 

■i<j<A; 



(*) 



Note that for any j < k we have qXj{a) = Xj{f3). Hence qaij{x"-)xk = aij{x^) for all j < k. 
It is left to show that the expression (*) equals aik{x^)- Recall that Xi{a)x°'xi = a;"+'^'. Hence 
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{*) = (p-l)A,(a) 
= {p-l)Ma) 



i<j<k 



+ paik{x°')xk 



i<j<k 



^a+t' +pfj^j^(^x°')xk 



+i(a) + ('^i+iH " 

i<j<fe 

- Ma) [{p-l)TTk{a) +p7rfe(a)(p"'= - 1)] 

= A,(a)(p"''+i-l)7rfc(a)a;"+'' 

= 7r,(/3)A,(/3)Afc (/?)(/'= - = a,fc(x''), 

since Afc(/3) — 1 = Afc(a) and 7rfc(Q!) = 7rfc(/3) as a and /3 differ only in the fcth position. 



□ 



We will define a derivation d : Kq[xi, . . . — >■ 51^ such that (i(a;i) = uJi for all i. For any 
a G N" we set = X]"=i di{x")uJi where 



(6.41) 



di{x") — Si{a)x" ^ and Si{a) = TTi{a)Xi{a) 



P-1 ■ 



for alH = 1, . . . , n. Note that for i, k we have: 



Si{a) ^ q^^Si{a ± e''), if i < fc and Si{a) = p"^^ Si{a ± e'') , if i > fc. 

Lemma 6.2. T/ie pair (9, cr) is a right twisted multi- derivation of Kq[xi, . . . ,Xn] satisfying the 
equations p.l9p with respect to the multiplicatively antisymmetric matrix Q' whose entries are 
Q'^j — p^^q for i < j. In particular 



(6.42) 

holds as well as for all i,k,j: 



didj = pq ^djdi, Mi < j 



di<7kj = pq'^akjdi, i<k<j 

diCTkj = pq^^djaki, k<i<j 

CTkid] = pq^^akjdi, k<i<j 

diCFij ~ pq^^djau = pq^^ai-jdi - aud-j, i<j 

Proof. Let a,/3 G N". To prove that the pair {d,a) is a right twisted multi-derivation, we show 
the following n equations hold 



(6.43) 



I — 1, n. 



Since XiXj = q ^XjXi for i > j, we have x'j''x^' = q "'^^^x^'x"' for i > j, and hence 



J 1 



^(a,^)a;"+^, where /i(a,/3) = ni<r<s<n9 ^^^^ obtain 

diix'^xl^) = Ai(a, P)5i{a + /3)x"+^-^ = + /3)Ai(a + /3)^^^ /3)x"+^-^ 
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On the other hand, we compute 

n l-l 



k=l 
l-l 



k=l 



(6.44) 



p- 1 ;H P- 1 



fe=i 



rfi^ — 1 r)"' — 1 

^m- — v^n{cc) - 1) — - 

p — 1 p — 1 

+ ^ 7r;(/3)^ 

p-l 



A,(a + /3)Ai(a,/3)a;"+^- 

A,(a + /3V(a,/3)x"+'5-^' 
Ai(a + /3V(a,/3)a;"+'5-^\ 



p-l 

where the third equahty holds because 

Afc(a)Afc(/3)x"-^'°a;'^+^'-^' = \iia)ti{a, (3)x"+^~'' and a;"-''a;'^ = Ai(/3)/x(a, 
The fourth equatfon fohows since 7rfc(a)p"'= = Trk^i{a). As we also have 



„ft - 1 



(6.45) ^"a,(:r'^) =<5,(/3)a;"a:^-^ = ^,(/3)A,(a + /3)^^ 

p-l 

We can conclude, combining (|6.44p and (|6.45p that (|6.43p holds: 

(6.46) y^dk{x'')aki{x^) +x'^di{x^) ^ 7:i{a + l3)Xi{a + 13)^ ^^(«, ;3)a;"+^- ^ di{x''x^). 

For any i < j we have: 

(6.47) a,aj(x") = (5,(a - eJ')(Sj(a)x"-^"-'^' = q-^5,{a)p6j{a - e')a;"-^'-^' = ^^-^^^^.(x") 

For i < k < j, we have rjkj{a) = pq^^rjkjia — e'). Hence 
(6.48) 

akM^'') = '5,(a)r;,,(a - e^)a;"-''+^'"-^' = p-ig77fe,(a)^,(a)a:"-^'+^'-^' = p-ig9,(afe,(a;")) 

which shows that diakj = pq^^akjdi for all i < fc < j. 
For i < k = j, we have rjjj{a) = pq~^rjjj{a — e*). Thus 

(6.49) a,fT,, (x") = ?7jj(a)(5,(a):E"-'' = ^^-^^.(a)??,^ (a - e^x"-^" = pg-Vjj(9,(a;")), 

showing i9i(Tjj = pq^^ajjdi for i < j. 

For k < i < j using ?7fcj(a)Ji(Q!) = ?yfei(a)<5j(a) we get: 

(6.50) 9.afe,(x") = 77fe,(a),5,(a + e'=-e^)x"-^"+''-''' 

= pq-Wj{a)S,{a)x"-'' 

- p-7-^fc.(a)<5,(a)x"-^'+^'"-^'" 

= pq-W^io^)SJ{a + e'^ - e')a;"-^'+''-''' = p<7-19,(7h(x") 
showing diakj{x") ^ pq^^dj(Jki{x'^) = 0. In a similar way, the relation 

pq^^akjd.i{x'^) - aktdjix") = 
holds for k < i < j. Lastly, we show that the equations 

d.iaij{x°') - pq^'^djaiiix") = pq^^(Tijdi{x°') - a^idjix"), i < j 
are satisfied, because of the following equations for i < j 

(7^idj{x") = — — ^77y(a)7ri(Q;)Ai(a)a;"~'^' = q~^djau{x") 
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p — 1 



P 

By using these equations we attain the equation: 

1 



Oi<Tij[x- ) ~ pq -Ujaii[x-- ) = - '^ 

and 



diCFij{x") ~ pq ^djaii{x'^) = ~——^riij{a)'n:^{a)\{a)x" 



pq^^(Tijdi{x") - audjix") = -——YVijia)TTiia)Xi{a)x°'"''\ 
which completes the proof the lemma. □ 

Denote hy Q — /\^ '^i^^) the quantum exterior algebra of fl^ over Kq[xi, . . . , Xn] with respect 
to the matrix Q' . 

Theorem 6.3. The derivation d : Kq[xi, . . . , Xn] — > extends to a differential calculus /\^ i^^) 
on Kq[xi, . . . , Xn\- Furthermore the de Rham and the integral complex associated to the differential 

calculus {/\^ ''{Q^),d) are isomorphic. 

Proof. The first statement follows from Proposition 13.11 and Lemma 16.21 We have an upper- 
triangular a = {(Jij) matrix by Lemma 16. 1[ of which the diagonal entries auji — l,...,n are 
automorphisms. Hence we construct the corresponding lower-triangular matrix a according to [71 
Proposition 3.3]. The entries of a are ct^ — for i < j and an = a^^ while 

(6.51) = q^,{ar^\,{ar^ K{a)-\p-''^ ~ l)g"^-"'x"+^'-^', 

for a G N" and i > j. Applying [7, Proposition 3.3] again yields the map a. The entries of a are 
&ij — for i > j and an — an while atj — pP^'^aij for i < j. 

By using these formulas for the entries of the matrices a{x°') and a{x°'), we obtain an explicit 
expression for 

dU^") = ^kJO^,oak^{x''). 

l<j<k<i 

for any fixed i — 1, . . . ,n. For j < k < i we get: 

akj o d, o afc,(x") - -p'-''TT,{a)TT,{a)-\p ^ p-'^'Kp"^ - l)a,(a;") 
while for j — k < i we have: 

iJkk o dk o = f-\p-p-^-)d,{x'') 

Thus for any k < i we get the partial sum: 



Afc = ^ dkj o dj o aki{x") 

k-l 



k-l 



l-^^,(a)(p"^ -lK(a)-i 
[7rfe(a) - 7rfc(a) + 1] ^k{ar^f-\p - p-"^)d,{x'') = 7rfc(a)- V-'=(p - p-"'=)aKa:") 
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Similarly, for fc = i we have for j < k — i: o dj o aji{x°') = —pTTj{a){p°'^ — l)TTi{a) ^i9i(x") 
and for j — k — i we have an o di o aui^x") = pdi^x"). This gives 

i 

Ai = ^ aij o dj o a^i{x") = pTTi{ay'^di{x°'). 
The sum of these partial sums Ak yields: 

i i—1 



fe=i fe=i 

i-l 



.k=l 

= p\{a) 

= p\{a) 
= p\{a) 





- 1 


p 


- 1 


pa. 


- 1 


P 


- 1 


pa. 


- 1 r 


P 


- 1 I 



i+p'-'J2p''(p"''^'-'^^ n P'^' 



\k<s<i 



X 



k=l 
i-l 

-ii-v, 1-r j ^P \ il P 

fc=l \ \fe-l<s<j / \k<s<i 



a; 



In order to apply Theorem 13.21 we need to calculate det (cr) as well as Ylj q'lj where Q' — [q'ij) 
is the corresponding multiplicatively antisymmetric matrix with q[j ^ p^^q for i < j. Let a G N". 
By Theorem!^ it is enough to show that (9f (x") = ^JJ. det(cr)"^(9i(det(cr)(a;"))) holds, i.e. 

By the definition of rjij we obtain p~^qr]jj{a)rijj{a — e'^)~^ = 1 for z < j and pq~^rijj{a)rijj{a — 
e*)~^ = p for i > j, while r]ii{a)riii{a — e^)~^ = p. Hence the product of the q[jr]jj{a)r]jj{a — e'')~^ 
equals p^ and by Theorem 13.21 Kg [xi , . . . , a;„] satisfies the strong Poincare duality with respect to 



the differential calculus (/\^ '^{fl^),d). 



□ 



7. Conclusion 

Necessary and sufficient conditions to extend the associated FODC {ft^,d) of a right twisted 
multi-derivation (9, a) on an algebra A to a full differential calculus (57, d) on the quantum exterior 
algebra fl of fl^ have been presented in this paper. A chain map between the de Rham complex 
and the integral complex has been defined and an criterion has been given to assure an isomor- 
phism between the de Rham and the integral complexes for free right upper-triangular twisted 
multi-derivations whose associated FODC can be extended to a full differential calculus on the 
quantum exterior algebra. Easier criteria for FODCs with a diagonal bimodule structure have 
been established and have been applied to show that a multivariate quantum polynomial algebra 
satisfies the strong Poincare duality in the sense of T.Brzezihski with respect to some canoni- 
cal FODC. Lastly, we showed that for a certain two-parameter n-dimensional (upper-triangular) 
calculus over Manin's quantum n-space the de Rham and integral complexes are isomorphic. 

Future work will consist in extending our duality criteria to general FODCs having an upper- 
triangular bimodule structure. 
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